A gap plasmon is an electromagnetic wave propagating in a gap between two noble metal surfaces. Such gap plasmons have previously been studied using only a classical description of the noble metals, but this model fails and shows unphysical behavior for sub-nanometer gaps. To overcome this problem quantum spill-out is included in this paper by applying Density-Functional Theory (DFT), such that the electron density is smooth across the interfaces between metal and air. The mode index of a gap plasmon propagating in the gap between the two metal surfaces is calculated from the smooth electron density, and in the limit of vanishing gap width the mode index is found to converge properly to the refractive index of bulk metal. When neglecting quantum spill out in this limit the mode index shows unphysical behavior and diverges instead. The mode index is applied to calculate the reflectance of an ultrasharp groove array in silver, as gaps of a few nm are found in the bottom of such grooves. At these positions the gap plasmon field is highly delocalized implying that it mostly exists in the bulk silver region where absorption takes place. Surprisingly, when the bottom width is a few nm and the effect of spill out at a first glance seems to be negligible, strong absorption is found to take place 1-2Å from the groove walls as a consequence of the dielectric function being almost zero at these positions. Hence quantum spill out is found to significantly lower the reflectance of such groove arrays in silver.
INTRODUCTION
Surface plasmon polaritons (SPPs) are electromagnetic waves bound to and propagating along an interface between a metal and a dielectric. 1 Structures that support such SPPs are called plasmonic structures, and as they are efficient in absorbing incident light, 2, 3 and capable to squeeze light below the diffraction limit, 4-7 they have attracted much attention in many research areas, as they also hold applications within solar cells, lasers, and chemical and biological sensors. [8] [9] [10] [11] Structures with a small gap of a dielectric material sandwiched between two metal surfaces support gap plasmons, which are electromagnetic waves confined to and propagating along the gap. Refs. 4, 12 studied such gap plasmons localized in gaps of nanometer size between spherical and triangular nanoparticles, while in Refs. 13-16 the gap plasmons were propagating in wider gaps between two parallel metal surfaces, and in Refs. 17-19 they were propagating in rectangular or tapered grooves. In all these papers, the dielectric function takes one value in the gap region and another value in the metal, thus changing abruptly at the interfaces and thereby neglecting quantum spill-out.
In a recent paper studying gap plasmons in few-nanometer gaps in gold when assuming local response, 20 quantum spill-out was taken into account, such that the electron density is smooth, and not a step function, across the interfaces between the metal and the gap. This implies that in the limit of vanishing gap width the mode index of the propagating gap plasmon converges to the refractive index of bulk gold, 20 instead of unphysically diverging as obtained in classical models neglecting spill-out. [14] [15] [16] [17] [18] In addition, it was shown in Ref. 20 , that the calculated reflectance from an ultrasharp groove array in gold when taking spill-out into account, is in much better agreement with measured reflectance spectra from Refs. 21 compared to classical models found in Refs. 21, 22 . Hence the effect of quantum spill-out in gold was found to have a significant impact on the propagation of gap plasmons in few-nanometer gaps. 20 In this paper, we study the same effect in few-nanometer silver gaps, thus applying the same local response method as in Ref. 20 , and showing the same converging behaviour of the mode index for small silver gaps. We apply the measured dielectric constant in silver from Ref. 23 , where the corresponding dielectric constant for gold was applied in Ref. 20 . In addition, we show in this paper that quantum spill-out significantly increases the plasmonic absorption of light in few-nanometer silver gaps. The impact of spill-out is found to be larger in silver than in gold, which is due to a smaller imaginary part of the dielectric constant in silver than in gold. 23 
QUANTUM DIELECTRIC FUNCTION
Quantum mechanics gives rise to the tunnel effect, i.e the possibility that electrons can tunnel through a potential barrier, a transition that is forbidden in classical mechanics. We say that quantum spill-out takes place, and Density-Functional Theory (DFT) within the jellium model, treating the positive ions of the metal as a constant charge density inside the metal, provides an effective model for the spill-out. 24, 25 The jellium model implies an inhomogeneous density of free (s, p band) electrons, which consists of an exponential tail into the vacuum region and Friedel oscillations in the metal region.
24-26
Solving the Kohn-Sham equations 24 self-consistently within the jellium model gives the free electron density in the vicinity of a gap. The Local Density Approximation (LDA) 27 is applied when calculating the exchange and correlation potentials in the Kohn-Sham equations, where the correlation term is computed applying the Perdew-Zunger parametrization. 28 For silver, the applied Wigner-Seitz radius is r s = 3.02 Bohr, while r s equals 3.01 Bohr in gold, 25 which implies that these two noble metals have almost the same bulk electron concentration and Fermi energy. To calculate the electron density across a gap, a structure consisting of two parallel silver slabs of width d, separated by a gap width w, is considered. In order to give the correct density across the gap, the width of the slabs must be sufficiently wide, such that the effect of the slabs being finite is negligible, which is found to be obtained when d ≥ 2.6 nm. A standing-wave basis of the form sin(jπ(x/L + 1/2)) is applied to calculate the density, where the length of the structure L is 8 nm, and j = 1, 2, · · · , 200, where it has been found sufficient to include 200 basis functions when d = 2.6 nm, in order for the electron density to converge. An optimization process with Anderson mixing parameter 29 of α = 0.005 is applied in order to obtain a self-consistent solution, where the process is said to converge when the difference in Fermi energy between two iterations is below 10 −7 Ha. Due to almost the same bulk electron concentration in gold and silver, the electron density across a silver gap is almost the same as the density across a corresponding gold gap. The electron density for silver is therefore not shown explicitly in this paper, as it is practically identical to the one in Fig. 1 in Ref. 20 .
The optical cross sections of metal clusters and spheres [30] [31] [32] [33] and metal nanowires 30, [34] [35] [36] have in the past decade been studied by applying such a jellium model in DFT calculations. In a similar manner, the model has been applied to calculate the plasmon resonance of semiconductor nanocrystals 37 and of metal dimers.
38, 39
Furthermore, electron spill-out and non-local effects were studied in Ref. 40 , where it was found that spill-out has a significant impact on the propagation of gap plasmons in narrow gaps in gold, while, importantly, the effect of non-locality is much smaller. In addition, the non-local effects were found in Refs. 41-44 to slightly blueshift the plasmon resonances in different metal nanostructures. Time-dependent DFT (TDDFT) was applied in Ref. 34 to study the optical response of metal nanowires, and the results were compared to results obtained using both local and non-local response, and it was found that by including screening as in Refs. 45-47, the results of all three models become in excellent agreement. The impact of non-local effects in nanostructures is thereby not dramatic, and therefore in this paper, similarly to Refs. 20, 31, 32, 36, 37, we neglect the non-local effects are thereby treat the dielectric function as a local response. The local treatment is in the next section shown to imply that the mode index converges to the refractive index of pure silver, instead of unphysically diverging as obtained in classical models. Hence, a local model seems to be sufficient in order to describe the physics regarding the propagation of gap plasmons in narrow metal gaps once spill-out is taken into account.
Once the electron density has been calculated using DFT (not shown in this paper), it is applied to calculate the dielectric function ε across the structure. This function is described as a local Drude term plus an interband term describing the response of lower lying d-electrons, 1 where it is assumed that no spill-out takes place for these bound electron. Refs. 45-47 considered a phenomenological thin surface layer with ineffective screening, such that the d-electrons should be located in a region a fewÅ smaller than the jellium region. This has led to calculated plasmon resonances in nanometer-size clusters of gold, silver, and copper in good agreement with measurements. However, in this paper, similarly to Refs. 20, 40, we say that the d-electrons are located in the jellium region, thus neglecting this thin surface layer.
In bulk silver the plasma frequency is ω p,bulk = n 0 e 2 /(m e ε 0 ), which implies that the Drude response is ε p,bulk (ω) = 1 − ω 2 p,bulk /(ω 2 + iωΓ). 1 The interband term from the bound d-electrons is included as in Refs. 20, 40, such that the bulk response sufficiently far from the interfaces equals the measured dielectric constant in bulk silver from Ref. 23 . This gives the following dielectric function
The first two terms in Eq. (1) describe the local Drude response of free electrons, where the position dependent plasma frequency ω p (x, w) = n(x, w)e 2 /(m e ε 0 ) depends on the electron density n(x, w) calculated using DFT. The damping term in silver has been set to Γ = 15 meV. The last term in Eq. (1) describes the response of the bound electrons as modelled by the Heaviside step function θ. dielectric function across a gap of width w = 0.35 nm between two silver surfaces, as marked by the colored areas. A jump in its real part at the boundary is clearly seen due to the step function, while the jump in imaginary part is much smaller and hard to see in this figure. The interband term at this wavelength is significantly lower in silver than in gold, 23 why the jump observed in Fig. 1 is much smaller than the corresponding jump in Fig. 2 (a) from Ref. 20 . The oscillations in the dielectric function found in the silver region are due to the corresponding Friedel oscillations in electron density.
A 3D color plot of the real part of the dielectric function ε(x, y) in the bottom 25 nm of the ultrasharp groove at a wavelength of 775 nm is seen in Fig. 2(a) , where the structure of the groove is shown by the black curve in the xy-plane. The corresponding imaginary part of the dielectric function is shown in Fig. 2(b) . In classical models neglecting spill-out 14-18 the imaginary part of the dielectric function is identically zero in the gap region, implying that absorption of light only takes place in the metal. But when spill-out is taken into account, absorption takes place in the entire shown region, as the imaginary part of the dielectric function is non-zero throughout the region. Spill-out only significantly affects the dielectric function in Fig.2 at positions close to the interfaces, as the electron density is almost not affected for positions further away. At a first glance, it therefore seems like spillout only has an effect, when the gap width is below the tunnelling range. But most surprisingly, spill-out has a significant impact on the gap plasmon mode index and plasmonic absorption in few-nanometer gaps, as studied in the next section.
MODE INDEX AND ABSORPTION DENSITY OF A PROPAGATING GAP PLASMON
Gap plasmons are p-polarized electromagnetic waves propagating in the y-direction in a gap between two metal surfaces. The associated magnetic field points in the z-direction, and is for a constant w given by
In Eq. (2) β describes the complex mode index, while H(x) is the transverse field distribution and k 0 = 2π/λ is the free space wave number. The gap width w has a huge impact on both the mode index and the transverse field distribution as will be shown below.
The top width of the ultrasharp grooves has in agreement with Refs. 20-22 been set to 240 nm, while the shortest considered wavelength is 550 nm. Hence the gap width is smaller than half a wavelength, implying that ordinary waveguide modes can not propagate in the gap. 49 Instead such modes are exponentially damped, and they therefore play a negligible role compared to the much longer propagating plasmonic modes.
A transfer matrix method 50 is applied to calculate the mode index for a fixed gap width w. The x-axis is split into N sufficiently thin layers, where a constant dielectric function is assigned to each layer, where layer thicknesses of 2.7 · 10 −4 nm has been found sufficient in order for the mode index to converge. The magnetic 
n n w field to the left and right of the structure is related via the following structure matrix S.
In Eq. (3) propagation in a particular layer is described by a matrix with a single index, while interfaces are described by a matrix with two indices, and the subscript s denotes bulk silver. Ref. 50 contains expressions for both kinds of matrices in Eq. (3). Left of the structure the magnetic field is then given by
Here the superscripts + and − denote the direction of light propagation, while the subscripts R and L denote right and left of the structure, respectively, where the boundary conditions are that left (right) of the structure, the light is only propagation in the negative (positive) direction. By combining Eqs. (3) and (4), it is seen that a solution must satisfy that S 11 = 0. The propagation and interface matrices from Ref. 50 all depend on the mode index β, which implies that S 11 is also a function of β. To find the mode index, the same method as in Refs. 20, 48 is applied, where first the values of S 11 are evaluated in a region of complex β values. S 11 is close to zero in a region if both its real and imaginary parts change sign, and the Newton-Raphson method is hereafter applied to obtain the exact root of S 11 . As seen in Fig. 1 Friedel oscillations exist in the silver region, and in order for the mode index to converge, it has been found sufficient to include four periods of these oscillations and applying the bulk value beyond this range.
Utilizing the dielectric function from the previous section the mode index of a propagating gap plasmon has been calculated. Fig. 3 shows the mode index as a function of w, where the wavelength is 600 nm in Fig. 3(a) and 775 nm in Fig. 3(b) . The mode index when neglecting spill-out (SO) is shown by the blue lines, where the solid line shows the real part and the dashed line shows the imaginary part. Here the mode index diverges for small gap widths in agreement with similar studies neglecting spill-out. [14] [15] [16] However, a diverging mode index can not be correct from a physical point of view, since in the limit of vanishing gap the structure is simply bulk silver, and the mode index must therefore converge to the refractive index of bulk silver in this limit. This is found to Fig. 1 and is quite different from that of pure silver, but nevertheless, when it comes to the mode index of a propagating gap plasmon, the structure behaves almost as pure silver. All the calculated electron densities only depend on the gap width w and the x-coordinate, meaning that in the DFT calculations the structure is considered invariant in both the y-and z-directions. To form the density across the two-dimensional ultrasharp groove, (see Fig. 1 in Ref. 20) , the one-dimensional densities are merged together in a region where the curvature of the groove walls is small. As the densities are only one-dimensional, the electron spill-out from the groove bottom is not taken into account. Combining Fig. 1 in Ref. 20 and Fig.  3(a,b) in this paper, it is found that the gap plasmon mode index is almost the same as the refractive index of bulk silver for positions up to 8 nm above the groove bottom. The spill-out from the bottom thus only affects the density in a region where the mode index almost behaves as pure silver, and where no change in mode index is achieved if the dielectric function is slightly modified. This justifies our model neglecting spill-out from the groove bottom. Same result was recently found for gold in Ref. 20 . For large gaps, the gap plasmon behaves as an SPP bound to a single interface between silver and air, and the mode index both with and without spill-out converges to the mode index for an infinite gap given by silver /( silver + 1) 1 (not shown).
From Fig. 3(a,b) it is seen that when the gap width is a few nm, the real part of the mode index is almost the same with and without spill-out. But the corresponding imaginary part is significantly increased due to spill-out as seen by comparing the red and blue dashed curves. To further illustrate this phenomena, the ratio of the imaginary parts of the mode index with and without spill-out is shown in a color plot in Fig. 4(a) . Here it is clearly seen that by including spill-out, the imaginary part of the mode index is remarkably enhanced. In the figure, the color is dark red when the value is above 30, but the maximal value is slightly above 100. Hence, spill-out has a significant impact on the imaginary part of the mode index, even for few-nanometer gaps, where the effect of spill-out at a first glance seems to be negligible as the gap width far exceeds the tunnel regime. A similar result was recently shown for gold in Ref. 20 , but there the same ratio was much smaller with a maximum value of roughly 20. Hence in silver, the effect of spill-out has a larger impact on the imaginary part of the mode index than is the case in gold. This is due to the fact that the imaginary part of the dielectric constant is significantly smaller in silver than in gold.
23
The imaginary part of the the mode index is associated to the plasmonic absorption, which therefore must be significantly enhanced when spill-out is taken into account. To illustrate this fact, first the electric field E is calculated from the magnetic field in Eq. (2) as
The electric field is afterwards applied to calculate the absorption density
The absorption density in the bottom 30 nm of an ultrasharp groove in silver is shown in Fig. 4(b) at a wavelength of 775 nm. Again the colored area shows the position of the silver. In the bottom 10 nm of the ultrasharp groove, where the distance between the groove walls is below 0.4 nm, absorption takes place across the entire gap. In addition, the absorption density jumps across the interfaces between silver and air in order for the normal component of the displacement field to be conserved. 1 But for positions further above the groove bottom, the distance between the groove walls increases which implies that the absorption density mostly consists of two peaks located 0.15 nm from the interfaces. These peaks are due to the fact that the real part of the dielectric function is zero at these positions, while the imaginary part is small but non-zero, implying that the peaks are finite and not diverging. These peaks are a result of the applied quantum model for the dielectric function, and do not occur in a classical model neglecting spill-out, since in this case absorption can only take place in the metal. It is astonishing that even for gap widths that far exceed the tunnel regime, the effect of spill-out still have a significant impact on the plasmonic absorption. A similar result was recently shown for gold in Ref. 20 . How spill-out affects the reflectance from an ultrasharp groove array is examined in the next section.
REFLECTANCE FROM AN ULTRASHARP GROOVE ARRAY
The reflecting behaviour of periodic arrays of grooves in gold has been studied in several papers.
19-22, 48, 51-53
A very low reflectance in a broad wavelength interval can be obtained in ultrasharp grooves in gold, [19] [20] [21] [22] 48 why such structures are called plasmonic black gold. If the goal instead is to achieve very low reflectance in a narrow wavelength interval the grooves must be rectangular or tapered, [51] [52] [53] which can be utilized in thermophotovoltaics. [54] [55] [56] Hence the geometrical shape of the grooves decides the reflectance spectrum of the groove arrays. Most papers regarding the optics of groove arrays in metal have neglected spill-out and thereby applied a classical model in the calculations. But recently, spill-out was included in the calculation of the reflectance from an ultrasharp groove array in gold, 20 which led to a reflectance in much better agreement with measurements compared to classical models. In this section, we perform the same calculations for an ultrasharp groove array in silver, utilizing the same stack matrix method as described in Refs. 20, 48 . Different kinds of groove arrays in silver have been studied both theoretically and experimentally in Refs. 57-60, but in none of these papers the grooves are ultrasharp and arranged in a 1D periodic array, as is the case for the measurements on gold in Ref. 21 . Hence, it is not possible to compare the theoretical reflectance calculated in this paper with any experiments, as was the case in Ref. 20 .
The inset in Fig. 5 illustrates the ultrasharp groove array in silver, where the groove height is 500 nm, the top width is 240 nm, and the bottom width is 0.3 nm. Illuminating the array from above gives the reflectances shown by the red and blue lines, where including spill-out results in the reflectance shown by the red line and left y-axis. Neglecting spill-out results in the reflectance shown by the blue curve and right y-axis, and by noticing the very different scale on the two y-axes it is clearly seen that spill-out significantly lowers the reflectance. A similar result was found for gold in Ref. 20 , but the difference in reflectance with and without spill-out is larger in silver than in gold, which is due to the fact, that the ratio of imaginary parts of the mode index in Fig. 4(a) is much larger in silver than in gold as mentioned earlier.
Another quantity of the propagating gap plasmons is their transverse field distribution H(x) introduced in Eq. (2) . In the following it is therefore investigated which impact spill-out has on this field distribution. For a gap width of 0.45 nm the magnitude of the transverse field H(x) is shown in Fig. 6(a) nm, where the fields are normalized by their maximal value. Spill-out is neglected for the field shown as the blue line, why the field is partly localized in the gap region. From the blue curves in Fig. 3 the mode index when neglecting spill-out is high, which implies that the imaginary part of k x = k 0 n 2 silver − β 2 is also high. A high value of a reciprocal wave number leads to a field that is localized in real space, and the penetration length into the metal, calculated as 1/Im(k x ), 1 is only 6.0 nm. Including spill-out gives a mode index close to the refractive index of bulk silver, which implies that k x is very low and the field is therefore more delocalized with a penetration length of 15.8 nm, and most of the field is thereby located in the silver region. But according to Fig. 4(b) the absorption for this gap width mostly consists of two peaks located 0.15 nm from the interfaces, and not in the bulk silver as is entirely the case when neglecting spill-out. Fig. 6 (a) thus shows that when including spill-out the field profile becomes approximately two and a half times broader. This effect becomes more pronounced for smaller w, and for w = 0.35 nm the field is almost 100 times broader, which is due to the fact that when including spill-out, the mode index is extremely close to the refractive index of bulk silver.
For other gap widths the same comparison of field profile can be made. The penetration length into the silver is strongly dependent on the gap width, and is shown in Fig. 6(b) at a wavelength of 775 nm. Again spill-out is neglected in the result shown by the blue curve, and for small gaps the field becomes highly localized in the gap with a very short penetration length. The red curve shows the penetration length when spill-out is included and is in the inset of the figure seen to go to infinity for very small gaps, thus in this case the field behaves almost as a plane wave in bulk silver as k x ≈ 0. But when the gap width is a few nm the penetration length is almost the same with and without spill-out, as seen by comparing the blue and red lines in the figure. Then it seems like spill-out has no impact on the gap plasmons, but as found in the previous section, the absorption density is significantly enhanced due to spill-out. It is astonishing that even though the penetration length into the metal is almost unaffected by spill-out for few nanometer gaps, the plasmonic absorption is greatly enhanced. The horizontal green line in Fig. 6(b) shows the penetration length of a plasmon bound to a single interface between silver and air, and for large gaps both the red and blue curve converges to this value (not shown).
CONCLUSION
In this paper we have applied a quantum mechanical approach and assumed local response in order to describe gap plasmons propagating in few-nanometer silver gaps. When neglecting quantum effects the mode index of the gap plasmons unphysically diverge in the limit of small gaps, but in this paper it is found that quantum spill-out rectifies the divergence, and implies that the mode index converges to the refractive index of bulk silver. Spill-out also has a significant impact on plasmonic absorption in few-nanometer gaps, as strong absorption occurs 1-2 A from the interfaces. This implies that the reflectance from an ultrasharp groove array is significantly lowered due to spill-out.
